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Abstract 

In previous papers, we introduced a heterotic standard model and discussed 
its basic properties. The Calabi-Yau threefold has, generically, three Kahler and 
three complex structure moduli. The observable sector of this vacuum has the 
spectrum of the MSSM with one additional pair of Higgs-Higgs conjugate fields. 
The hidden sector has no charged matter in the strongly coupled string and only 
minimal matter for weak coupling. Additionally, the spectrum of both sectors will 
contain vector bundle moduli. The exact number of such moduli was conjectured 
to be small, but was not explicitly computed. In this paper, we rectify this and 
present a formalism for computing the number of vector bundle moduli. Using 
this formalism, the number of moduli in both the observable and strongly coupled 
hidden sectors is explicitly calculated. 
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1 Introduction 

There is a long history in the search for realistic compactifications of the heterotic 
string, see [1-19]. But until recently, finding compactifications yielding a viable particle 
spectrum had resisted all efforts. In a series of papers [20-22] , we presented a "heterotic 
standard model" of particle physics. Specifically, we presented a small class of Eg x Eg 
heterotic superstring vacua whose observable sectors have the spectrum of the minimal 
super symmetric standard model (MSSM), with the exception of one additional pair of 
Higgs-Higgs conjugate superfields, and no exotic multiplets. Such vacua occur for both 
weak and strong string coupling. 

Technically, our heterotic standard vacua consist of stable, holomorphic vector bun- 
dles, V, with structure group 577(4) over elliptically fibered Calabi-Yau threefolds, X, 
with a Z3 x Z3 fundamental group. These bundles admit a gauge connection that, in 
conjunction with a Wilson line, spontaneously breaks the observable sector Eg gauge 
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group down to the SU(3)c x SU{2) L x U{\)y standard model group times an additional 
U(1)b-l symmetry. The spectrum arises as the Z 3 x Z 3 invariant sheaf cohomology. 

The existence of elliptically fibered Calabi-Yau threefolds with Z 2 and Z 2 x Z 2 funda- 
mental group was first demonstrated in [23-25] and [26, 27] respectively. More recently, 
elliptic Calabi-Yau threefolds with Z 3 x Z 3 fundamental group were constructed and 
classified [28]. Methods for building stable, holomorphic vector bundles with arbitrary 
structure group in E$ over simply connected elliptic Calabi-Yau threefolds were intro- 
duced in [29-32] and greatly expanded in a number of papers [23-25, 33-35]. These 
constructions were then generalized to elliptically fibered Calabi-Yau threefolds with 
non-trivial fundamental group in [25-27, 36]. In order to obtain a realistic spectrum, it 
was found necessary to introduce a new method [23-27] for constructing vector bundles. 
This consists of building the requisite bundles by "extension" from simpler, lower rank 
bundles. This method was used for manifolds with Z 2 fundamental group in [25, 37, 38] 
and in the heterotic standard model context in [28]. In recent work [20-22, 37, 38], 
it was shown how to compute the complete low-energy spectrum of such vacua. This 
requires one to evaluate the relevant sheaf cohomologies, find the action of the finite 
fundamental group on these spaces and, finally, to tensor this with the action of the 
Wilson line on the associated representation. The low energy spectrum is the invariant 
cohomology subspaces under the resulting group action. This was applied in [20-22] to 
compute the exact spectrum of all multiplets transforming non-trivially under the action 
of the low energy gauge group. The accompanying natural method of "doublet-triplet" 
splitting was also discussed. 

Although a similar calculation in principle, the spectrum of gauge singlet superfields 
was only partially determined. In addition to the three Kahler and three complex 
structure moduli, there are vector bundle moduli whose number was not computed. 
The reason is that the relevant cohomology space lies in a complex of intertwined long 
exact sequences which makes it, in general, much harder to evaluate than the other 
sheaf cohomologies. Be this as it may, vector bundle moduli are important in the 
particle phenomenology of these vacua, contributing, for example, to the mu-terms and 
Yukawa couplings. Furthermore, these moduli are central to the discussion of vacuum 
stability [39-48], the cosmological constant [49-51], and cosmology [52-54]. Hence, it is 
essential that their spectrum be computed. 

In this paper, we present a general formalism for evaluating the number of gauge 
singlet superfields for vector bundles constructed by extension. We then apply this 
method to explicitly compute the number of vector bundle moduli in both the observable 
and hidden sectors of a heterotic standard model. Specifically, we do the following. In 
Section 2, all relevant properties of both the Calabi-Yau threefold and the holomorphic 
vector bundles of the heterotic standard vacua are outlined. For clarity, we present our 
discussion and formalism in terms of the observable sector vector bundle. The hidden 
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sector bundle will be introduced in the final section. The sheaf cohomologies and their 
relation to the low-energy spectrum are briefly discussed and the cohomology space of 
vector bundle moduli is presented. The relevant short and long exact sequences are 
given in Section 3. The various cohomologies in the intertwined complex of long exact 
sequences are systematically calculated using two Leray spectral sequences. In Section 5 
all this information is brought together to compute the number of vector bundle moduli. 
For the heterotic standard model vacua under consideration, the number of such moduli 
in the observable sector is found to be n b ser vabie = 19. Finally, this formalism is applied 
in Section 6 to compute the number of vector bundle moduli in the strongly coupled 
hidden sector. We find that nhidden = 5. To summarize, the moduli fields are listed in 
Table 1. 



Moduli 


Kahler 


Complex 
structure 


Vector Bundle 
(visible E 8 ) 


Vector Bundle 
(hidden E 8 ) 


Number 


3 


3 


19 


5 



Table 1: Moduli fields in "A Heterotic Standard Model" 



2 Preliminaries 

In our approach, there are two fundamental ingredients needed to construct a heterotic 
standard model. The first is a class of Calabi-Yau threefolds X with fundamental group 
Z 3 x Z 3 . The second consists of (a moduli space of) stable, holomorphic vector bundles 
V over X with structure group SU(4:) which satisfy appropriate physical constraints. 
Calabi-Yau threefolds of this type were constructed in [28]. Similarly, in [22] the requi- 
site holomorphic vector bundles were discussed in detail. Here, we simply outline the 
properties of X and V that are relevant to this paper. 

2.1 The Calabi-Yau Threefold X 

The Calabi-Yau threefold, X, is constructed as follows. Begin by considering a simply 
connected Calabi-Yau threefold, X, which is an elliptic fibration over a d¥ 9 surface. It 
was shown in [28] that there are special d¥ 9 surfaces which admit a Z 3 x Z 3 action. A 
suitable fiber product of two such oflPg surfaces is then a Calabi-Yau threefold with an 
induced fixed-point free Z 3 xZ 3 group action. Hence, the quotient X = X / (Z 3 x Z 3 ) is a 
smooth Calabi-Yau threefold that is torus-fibered over a singular <iP 9 and has non-trivial 
fundamental group Z 3 x Z 3 , as desired. 
Specifically, X is a fiber product 

X = B l x pl B 2 (1) 
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of two special oflPg surfaces B\ and B 2 . Thus, X is elliptically fibered over both surfaces 
with the projections 

7T! : X -» B 1 , tt 2 : X -> £ 2 . (2) 
The surfaces -Bi and B 2 are themselves elliptically fibered over P 1 with maps 

A : £?! P 1 , ft : £? 2 P 1 . (3) 

Together, these projections yield the commutative diagram 

dim c = 3 : X 

V \ 2 

dim c = 2: B l B 2 (4) 



ft X / #2 

dim c = 1 : p 1 . 

The invariant homology ring of each special dFg surface is generated by two Z 3 x Z 3 
invariant curve classes / and t with intersections 

f = 0, ft = 3t 2 = 3. (5) 

Using projections (2), these can be lifted to divisor classes 

r 1 = ^ 1 (t 1 ), r 2 = 7T2 1 (t 2 ), = 7rr 1 (/ 1 )=7r 2 - 1 (/ 2 ) (6) 

on X satisfying the intersection relations 

2 = 7? = 7f = O, ^ = 3^, 0r 2 = 3r 2 2 . (7) 

These three classes generate the invariant homology ring of X. For example, one can 
show that X has, generically, six geometric moduli; three Kahler moduli and three 
complex structure moduli. 

Finally, the Chern classes of X are found to be 

ci (TX) = c 3 (TX) = , c 2 (TX) = 12(r 2 + r 2 2 ) . (8) 



2.2 The Observable Sector Bundle V 

The observable sector bundles V on X are produced by constructing stable, holomorphic 
vector bundles V with structure group SU (4) C E 8 over X that are equivariant under 
the action of Z 3 x Z 3 . Then V = V r /(Z 3 x Z 3 ). One further requires that V and, hence, 
V satisfy the appropriate physical constraints. 
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The vector bundles V are constructed using a generalization of the method of "bundle 
extensions" [25, 27]. Specifically, V is the extension 1 

— >V 2 — > V — >Vi — > (9) 

of two rank two bundles V\ and V2 on X. These are of the form 

Vi — Ci® Tr^Wi, i = l,2 (10) 

for some line bundles Li on X and rank 2 bundles Wi on B 2 . The rank two bundles Wi 
are themselves extensions 

— > Ofl^Oi/a) — Wi — > B2 (5J 2 ) ® 4, — 0, (11) 

where hi are integers and 1^. is the ideal sheaf of some fcj-tuple of points on B 2 . 

One must specify not only the bundles V, but their transformations under Z 3 x Z 3 
as well. To do this, first notice that for the Z 3 x Z 3 action on the space of extensions to 
be well-defined, the line bundles OB 2 [ a if'i)-, Cs 2 (^/2) and Li must be equivariant under 
the finite group action. In this case, the space of extensions will carry a representation 
of Z 3 x Z 3 . An invariant class in the extension space defines an equivariant vector 
bundle extension. A rank 4 vector bundle V with this property will inherit an explicit 
equivariant structure from the action of Z 3 x Z 3 on its constituent line bundles. Having 
found such a V, one can construct V = V^/(Z 3 x Z 3 ) on X. 

As discussed in [20-22], the requirement that V admit a gauge connection which satis- 
fies the hermitian Yang-Mills equations and leads to three chiral families of quarks/leptons, 
no exotic matter and two pairs of Higgs-Higgs conjugate fields (the minimal number) 
imposes strong constraints on V. These are the following. First, in order for the her- 
mitian Yang-Mills gauge connection to exist on V this vector bundle must be (slope) 
stable. A non-trivial set of necessary conditions for stability are 

H°(x,v) = H°(x,V v ^j = 0, H°[x,V®V y ^j = 1. (12) 

The remaining three physical constraints were shown in [22] to require that 

c 3 (y) = -54, h 1 (x, V v ^j = , h x [x, A 2 V^j = 14 (13) 

respectively. 

1 The attentive reader will notice that we exchanged V\ and V2 in the sequence as compared to [20- 
22]. This just means that we are working at a slightly different point in the Kahler and vector bundle 
moduli space. As one can easily check, the particle spectrum is unchanged. 
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A unique (up to continuous moduli) solution for V that is compatible with all of our 
constraints 2 was found in [22]. It is constructed as follows. First consider the rank two 
bundles Wi for i = 1, 2 on B 2 . Take W\ to be 

W X = B2 ®0 B2 . (14) 

Note that this is the trivial extension of (11) with a\ = b± = k\ = 0. Now let W 2 be an 
equivariant bundle in the space of extension of the form 

— > B2 (-2f 2 ) —>W 2 -^ X 2 Cb 2 (2/ 2 ) ® h — , (15) 

where for the ideal sheaf 1$ of 9 points we take a generic Z3 x Z3 orbit. Second, choose 
the two line bundles Ci for i — 1, 2 on X to be 

A = X2^(-ri+r 2 ) (16) 

and 

£ 2 = <^( Ti -t 2 ) (17) 

respectively. Here, xi an d X2 are the two natural one-dimensional representations of 
Z 3 x Z 3 defined by 

xi(^i)=w, xi(#i) = i; X2(^i) = i, X2(^) = w, (18) 

where <?i j2 are the generators of the two Z 3 factors, Xi,2 are two group characters of 
Z 3 x Z 3 , and u; = e~ is a third root of unity. 

It follows that the two rank 2 bundles Vi )2 defined in eq. (10) are given by 

Vi = X20x(-n + r 2 ) © X20x(-n + r 2 ) 
^2 = Ojf(ri-r 2 )®7r*W 2 . 

The observable sector bundle V is then an equivariant element of the space of extensions 
eq. (9). 

2.3 Computing the Particle Spectrum 

As discussed in detail in [22], the low-energy particle spectrum is given by 

ker(py) = \ H°{X, 0%) <g> 45J © (tf 1 (X, ad(F)) ® 1J © 

/ , \Z3xZ3 / . w \Z3xZ3 / 1 ~ ~ \Z 3 xZ 3 

© ^if (X, V) © 16j © ^ 1 (A,V v )©16j © ^ 1 (A,A 2 \/)©10 



(20) 



2 We verified that the cohomology groups of V satisfy the constraints eq. (12) imposed by stability. 
We also have not been able to find any destabilizing subbundlc, and it appears to be stable to experts in 
the field. Stability was proven for a very similar vector bundle in [27], and we expect the same methods 
to work in our case. Of course, ultimately one has to give a detailed mathematical proof. This will be 
presented elsewhere. 
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where the superscript indicates the invariant subspace under the action of Z 3 x Z 3 . 
The invariant cohomology space (H (X,O^) <8> 45) ZaxZ3 corresponds to gauge super- 
fields in the low-energy spectrum carrying the adjoint representation of SU(3)c x 
SU(2)l x U(1) Y x U(1) B -l- The matter cohomology spaces, {H\X,V) ® 16) Z3XZ3 , 
(i/ 1 (X,1/ v )®T6) Z3XZ3 and (H\X, A 2 V)®10f 3XZ3 were all explicitly computed in [22], 
leading to three chiral families of quarks/leptons (each family with a right-handed neu- 
trino [55]), no exotic superfields and two vector-like pairs of Higgs-Higgs conjugate 
superfields respectively. The remaining cohomology space in eq. (20), namely, 

(tf^adO/)) <8> l] , (21) 

corresponds to the vector bundle moduli in the low-energy spectrum, see also [8, 47, 
48, 56-59]. Since a.d(V) is a rank 15 vector bundle, its cohomology is much harder to 
compute than the previous cohomology spaces and, for that reason, was not evaluated 
in [20-22]. However, vector bundle moduli play an essential role in mu-terms, Yukawa 
couplings and in the discussion of vacuum stability and the cosmo logical constant. For 
these reasons, and to complete the spectrum, this paper will present a formalism for 
computing eq. (21). We will then use this formalism to explicitly evaluate the number 
of vector bundle moduli in the heterotic standard model. 



3 The Exact Sequences 

It is clear from eq. (21) that we must compute the cohomology space H 1 (X , ad(V")) . 
First, recall that the action of the Wilson line on the 1 representation is trivial. Hence, 
we only need to know the Z 3 x Z3-invariant part of the cohomology. Second, note that 
ad(V) is defined to be the traceless part of V 8> V v . But the trace part is just the trivial 
line bundle, whose first cohomology group vanishes. It follows that the vector bundle 
moduli are precisely 

~ \Z3XZ3 /~ ~ ~ \Z3xZ3 /- \Z 3 xZ 3 

H^X^diV)) = H X \X, V® V v ) -H^ix^OjA ■ (22) 



=0 



Therefore, the tangent space to the moduli space is -ff 1 (X, V ® j/v^ z 3xz 3 ^ compute 
this space, one must consider complexes of interlocking exact sequences. 

3.1 Short Exact Bundle Sequences 

Recall from eq. (9) that the vector bundle V is defined by the short exact sequence of 
bundles 

— ► V 2 — >V — ► Vi — ► . (23) 
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One can tensor this sequence on the right by the bundles V y , V v and V 2 y to produce 
three new short exact sequences which we will refer to as (a), (6) and (c) respectively. 
Now take the dual of eq. (23). This gives the short exact sequence of bundles 

— — > V v — ► V 2 y — ► , (24) 

which we will tensor with vector bundles V 2 , V and V\. Of course, the tensor product 
is commutative, but we will write it as tensoring on the left. The three resulting short 
exact sequences will be referred to as (d), (e) and (/) respectively. The six short exact 
bundle sequences constructed in this manner can be written together as the commutative 
diagram of exact sequences 

(d) (e) (/) 



1 I I 

(a) V 2 <8» V? V <g> V? Vl <8 V7 

I \_ I ■ (25) 

(6) V 2 <8 V y -* V <8 V v V 1 tg) V y ~+ 

I I I 

(c) V 2 <8 V 2 y V <8 V 2 V Vi <8 V 2 V 

III 


3.2 Long Exact Cohomology Sequences 

Each of the six short exact bundle sequences defined above gives rise to a long exact 
cohomology sequence. These can also be fit together into the complex of intertwining 
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sequences of the form 3 



H i - 2 (Vi®V 2 v ) 

I 

I 

I 

I 

fl-*(Vi(S)Vi v ) - 

I 



H*- 1 (y 2 ®v 2 v ) jp-^v®^) # i - 1 (vi®v _ 2 v ) 



J 



1 



r ff i (y 2 ®Vi v ) — *- ip<y®v?) — >■ H i (v i .<sv?) ] 



H i (v a ®v y ) — >■ ff*(v®v v ) 

I I 



t 

- _ff 4 (Vi<g>V v ) 

iP(V2®V 2 v ) fP(^W 2 v ) ^ H^V^V?) 

\ 1 \ 

H i + 1 (V 3 <SV^) H i+1 {V®V?) -v ff < + 1 (Vi®V 1 v ) 

III 



t 
t 
I 

H l + 1 {V 2 ®V v ) 

I 

H i+1 (V2®V 2 v ) 

I 

H < + 2 (V 2 ®V 1 V ) 



(26) 



where the cohomology spaces in degrees i < or % > 3 vanish for dimension reasons. 
Note that the object of interest, namely, H X {X, V ® V v ), occurs in this complex. By 
evaluating various other cohomology spaces in these sequences, we will be able to ex- 
plicitly compute H 1 (X, V ® V v ) . 

3.3 The "Corner" Cohomologies 

We begin by noting that the complex is composed of a number of 3 x 3 blocks, each of 
the form 



[c = H i (v 2 ®Vi') ] t- 

i 'j 



H i (V 2 ®V^ 



HHV ® V? 



hW (Vi <8> V^ v ) = A i 
i i : i 



(27) 



r 



L 



, d = H l { V 2 ® i W [V ® V 2 V 



j 



\H l [Vx <8> y 2 v ) = Bi 



containing exclusively degree z cohomology spaces. The cohomology spaces at the cor- 
ners of each block, labeled as A,B,C and D, are particularly amenable to evaluation, so 
we begin by computing them. 



3 To save space, we occasionally suppress the X in large commutative diagrams. 
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Cohomologies A 

First consider the cohomology spaces 

A = H*(x,Vi®V?y (28) 
It follows from eq. (19) that V\ <8> is just the rank 4 trivial bundle, 

V 1 <g> V? = Ox m ■ (29) 

Then, its cohomology spaces are 

H* (x, V 1 <g> V/) = C^)® 4 (30) 

and, therefore, 



H^X^^V?) =4, H 1 (X,V l ®V^ / ) =0. 
if 2 ^,^®^) =0, if^X,^®^) =4, 



(31) 



where we have used the simplifying notation that C® 4 = l® 4 = 4, thought of as a 
Z 3 x Z 3 representation. In fact, throughout this paper we will often denote the trivial 
n-dimensional representation by 

l® n = n, (32) 

for any positive integer n. 
Cohomologies B 

Next, we calculate the spaces B given by 

H*(x,Vi®V?Y (33) 
For notational simplicity, we define 

T = Vx ® V 2 V . (34) 

These cohomology spaces are much harder to compute and will be evaluated using several 
applications of the Leray spectral sequence. The first Leray sequence is associated with 
integrating over the elliptic fiber of 7i 2 '■ X — > B2, hence pushing the cohomology down 
onto the base surface B2. In this case, one finds 4 

p+q=i 

w(x,J^ = Hv(B 2 ,RH 2 *F}, (35) 
p,q 



4 In all the spectral sequences which we are considering higher differentials vanish trivially. Further- 
more, there are no extension ambiguities for C-vector spaces. 
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where the only nonvanishing entries are for p — 0, 1, 2 (since dime -B 2 = 2) and g = 0, 1 
(since the fiber of X is an elliptic curve). It follows from eq. (19) that 



^=C^(-2r 1 + 2r 2 ) e 



7T* 2 W 2 , 



(36) 



where we have used the fact, proven in [22], that W 2 = X^W 2 . Furthermore, we see 
from eq. (6) that 

Ox(t 1 ) = 7t*0 Bi (U), i = 1,2. (37) 
Combining this with eq. (36) implies 

(38) 



(39) 



T = [7r^O Bl (-2ti)J ® Tr* 2 (0 B2 (2t 2 ) W 2 
Then, using the projection formula and the fact that 

which follows from the commutativity of the diagram eq. (4), one finds 



R q n 2 *T 



P* 2 R q Pu Bl (-2ti) <8> B2 (2t 2 ) ® W 2 



(40) 



Using this expression, we can calculate each cohomology space H P (B 2 , R q Ti 2sf J r ) in 
eq. (35), to which we now proceed. 

Note that the cohomologies H P (B 2 , R q n 2 ^T) fill out the 2x3 tableau 5 



3=1 
q=0 



H\B 2 ,R l <K 2if F) 


H^B^R^F) 


H 2 (B 2 ,R l ir 2 *F) 


H (B 2 ,7T 2 ^) 


H 1 (B 2 , ir^J 7 ) 


H 2 (B 2 ,n 2 *F) 



(41) 



p=0 



p=i 



p=2 



Such tableaux are very useful in keeping track of the elements of Leray spectral se- 
quences. As is clear from eq. (35), the sum over the diagonals yields the desired coho- 
mology of T . Let us first evaluate the cohomologies with q = 0. Since the curve —2t\ 
intersects the fiber of B\ negatively, that is, —2t\ has negative degree, it follows that 



BP/3u(o Bl (-^i)) = p u (o Bl (-2tS) =0. 
Since the push-down vanishes we immediately obtain 

H p (b 2 ,tt 2 *F) = 0, p = 0,1,2 
and the Leray tableau eq. (41) becomes 



(42) 



(43) 



9=1 
q=0 





H 1 (B 2 ,fl 1 7r 2 «^") 














(44) 



p=0 



p=i 



p=2 



5 Of course, the zero-th derived push-down is just the ordinary push-down, R 0/ K2* = ^2* 
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One must now compute the three cohomologies in the upper row, corresponding to 
q = 1. We begin by using the fact that 



R 1 PuO Bl (-2t 1 ) = 0^(-lf 6 , 
derived in [22]. It follows from this and eq. (40) that 

R l n 2 *T = (CV(-1)® 6 ) ® B2 (2t 2 ) ® W 2 

\ ©12 

B2 {2t 2 - f)®W 2 



(45) 



(46) 



Using this result, we can now compute H P (B 2 , R lr K 2 *T) by pushing down onto the base 
P 1 of B 2 using a second Leray spectral sequence. This is given for each p = 0, 1, 2 by 



s+t=p 



H p (B 2 ,R l <K 2lf J^ = H s (F\R t p 2 4R 1 7r 2 ^) 

s,t 



(47) 



where s — 0, 1 (since dime P 1 = 1) and t — 0, 1 (since the fiber of B 2 is one dimensional). 
From eq. (46) and the projection formula, we find that 



R'PUR 1 ^?) = Opi(-l) <8> if/M C> B2 (2t 2 ) ® w 2 



.12 



(48) 



Using this expression, one can calculate the cohomology spaces iPfP 1 , R t p 2 ^(R 1 ii 2if J-')) 
in eq. (47). 

First note that the cohomologies _£P (P 1 , i? t /32*(-R 1 7T2*^ r )) are determined by the 2x2 
Leray tableau 



t=i 





H l {F\R l f3 2if (R l n 2if F)) 


H°{¥\(5 2 ^R l Ti 2Jf T)) 


H\W\(5 2 ^R 1 ti 2 ^)) 



(49) 



s=Q 



s=l 



Let us first evaluate the cohomologies with t — 1. Since 2t 2 has positive degree, it follows 
that 

R l p 2 *(o B2 (2t 2 )®W 2 ^ =0. (50) 

Therefore, 

H s (¥\R l f3 2)f (R l ii 2if F)} = 0, s = 0,l (51) 
and the Leray tableau eq. (49) degenerates to 



t=i 
t=o 











^ (P 1 ,/32«(« 1 T2,^ r )) 



(52) 



s=0 



12 



One must now compute the two cohomologies in the lower row, corresponding to 
t — 0. It was shown in [22] that 



(53) 



h\0 B2 {2t 2 ) <g> W 2 ) = O pl (-2)® 6 © C® 3 © O pl (l)® 3 
Then from eq. (48) one finds that 

^[r\ 2 ^\ = [C p1 (-3)® 2 ©C p i(-1)©O p i 

Clearly, then 



h°(F\(3 2 *{R l ir 2 *F)) =36. 



(54) 
(55) 



Using results from [22], we can obtain the corresponding 36-dimensional Z3 x Z3 repre- 
sentation, and conclude that 

H° (P\ MRWf)) = RG m , (56) 
where RG stands for the nine-dimensional "regular representation" of Z3 x Z3 given by 



0<n,m<2 



X? 



(57) 



1 © xi © X2 © xi © xi © X1X2 © X1X2 © x?X2 © X1X2 • 



Applying Serre duality on P 1 , and using the fact that the canonical bundle of P 1 is 
Ppi(— 2), it follows from eq. (56) that 



H l (f>\f3 2 ^R 1 ^)) =RG® W 



(5* 



These results fill out the remaining entries in the Leray tableau eq. (49) for the push- 
down onto P 1 . The complete tableau is 



t=i 
t=o 









RG m 


RG® 16 



(59) 



S=0 8=1 



Summing the diagonals in eq. (59), we can finally evaluate the q = 1 cohomologies 
H P (B 2 , R l n 2if T) in the first Leray spectral sequence. Recall, that p — 0, 1, 2 and that 
s + t = p. Then 



1. p = => s = t = 0: 



H q [b 2i R 1 tt 2 ^ = RG Q 



(60) 
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2. p = 1 (s = 0, t = 1) or (s = 1, t = 0): 

^(b^R^A = RG' 

3. p = 2 => s = t = 1: 

h 2 (b 2 ,r\ 2 *f\ = 0. 

Therefore the complete Leray tableau eq. (41) for the push-down from X to S2 is 



(61) 
(62) 



9=1 
g=0 



i?G® 4 


RG® 16 















(63) 



p=0 



p=i 



p=2 



With this information one can, at last, compute the cohomologies B given in eq. (33). 
To do this, use the entries in eqns. (63) and (35), recalling that m = p + q. The results 
are 



H°[X,V 1 ®V 2 V ) =0, H 1 ( X, V x ® V 2 V ) = RG m 



H 2 [X,V l ® V 2 y 



RG 



+ 16 



i7 3 (XK® V 2 y 



(64) 



Cohomologies C 



Cohomologies C can be computed directly from the cohomologies B in eq. (64). To do 
this, one uses Serre duality, the fact that, since X is a Calabi-Yau manifold, its canonical 
bundle is and the property that RG, given in eq. (57), is self-dual. It follows that 
the Leray tableau for the push-down from X to B 2 is 



g=l 
g=0 



and, therefore, 



H U {X,V 2 ®V? 
H 2 (x,V 2 ®V? 















RG® 16 


RG m 


p=0 


p=i 


p=2 


= 0, 


&\ 


X, V 2 ® 


= RG m 


H 3 [ 


X, V 2 ® 



(65) 



0. 



(66) 



Cohomologies £) 



Cohomologies .D are evaluated in much the same way as the B cohomologies. However, 
the calculation is harder and rather unenlightening. For these reasons, we will only state 
the results. We find that the Leray tableau for the push-down from X to B 2 is 



g=l 
g=0 






P33 


1 


1 


P33 






(67) 



p=0 



P =i 



p=2 
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where P33 is a specific 33-dimensional representation of Z 3 x Z 3 given by 



p 33 = RG® 3 © xi © X2 © xl © X2 © X1X2 © X1X2 • 



Therefore, 



H°(X,V 2 ®V 2 V 
H 2 (x,V 2 ®V 2 v 



1, /^(x,^©^ 

P33, H 3 (x,V 2 ®V 2 v 



P33 
1 . 



(6? 



(69) 



4 The Long Exact Sequences 

We now systematically proceed to compute the remaining cohomology spaces eq. (26) 
that will be required to evaluate V © V v ). An important formula that will be 

used over and over again in our analysis is the following. Consider an exact sequence 



Then 



u^v — >w — >x -^y 



dimc(W) = dimc(V) + dime (A?) — rank(/i) — rank(/ 2 ) 



(70) 



(71) 



4.1 The H° Cohomologies 

We first focus on the 3x3 block of H° cohomologies in eq. (26). Using the "corner 
cohomologies" computed in the previous section, the block is 















r 



L 



-+H°(V®V?) » 

I 

H° (V 2 © V v ) -^H°(V® V y ) -* H° (V! © V v ) 

J 

-^H°(V® V 2 y ) » 

I 



1 d 2 



d 

RG 



RG 



®16 



P33 



RG' 



(72) 



where we have labeled coboundary maps d±, d 2 , and ofa. The bottom horizontal exact 
sequence of this box is 







1 — >H°[X,V®V 2 V 



— ► P33 ■ 



(73) 
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Using formula eq. (71), we find immediately that 

H Q (x,V®vA = 1. (74) 
Similarly, the right hand vertical exact sequence is 

— >4 — ► Wx,V 1 ®V v ) — >0 — >0. (75) 
It then follows from eq. (71) that 

®V V ) = 4. (76) 



It remains to determine H°(X,V<8>V?) and H°(X, V 2 ®V y ) to complete the H° block, 
eq. (72). To do that, we need to know the three coboundary maps di, d 2 , and d$. First, 
consider the top horizontal exact sequence 

0^0^H°(x,V®vA ^4^i?G® 16 . (77) 

To evaluate H°(X, V ® V?), we note that 

d 2 : H° (x, Of) -> H 1 (X, V 2 ® (78) 

is multiplication of constant sections by a choice of extension in Ext-: (Vi, V 2 ). For a 
generic choice of extension, it follows that d 2 is an injective map. This then implies that 
ker(d 2 ) = and, hence, that rank(d 2 ) = 4. Using this result, eqns. (71) and (77) give 



H°\X t V® V?\ = 0. (79) 
Next, consider the left hand vertical exact sequence 

^0 ^H°(x,V 2 ®V y ) —> 1 ^i?G® 16 . (80) 
An identical proof implies that rank(di) = 1 and, hence, using eq. (71) we find 

H°(x,V 2 ® U v ) = 0. (81) 

The last unknown H° cohomology, H° [X, V®V y ~) , is contained in the middle vertical 
exact sequence given by 

— >0 — > H°(x,V ®V y ) — ► 1 H X [X,V ®vA . (82) 

It follows from eq. (71) that 

H°^X,V®V V ) = 1 -rank(d 3 ) • 1. (83) 
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Note that rank(d 3 ) can be either or 1. Were rank(<i 3 ) = 1, then one would conclude 
from eq. (83) that H°(X,V ® y v ) vanishes. But this is impossible, because 

H° (X, V®V W ^= H° (X, Ox)®H° (x, (V ® V v ) tracc iess) . (84) 

Then, using H°(X, (%) = 1 we see that h°(X, V ® V v ) > 1. Therefore, rank(d 3 ) = 
and eq. (83) implies 

H G (x,V®V y ^j = 1. (85) 

In addition to completing the evaluation of the H° cohomologies, eq. (85) is important 
since it proves that the vector bundle V indeed satisfies the third non-trivial stability 
condition listed in eq. (12). 



4.2 The H 1 Cohomologies 

We now focus on the 3x3 block of H 1 cohomologies in eq. (26). Since it contains the 
space of moduli, H l (X, V <8> V v ), this is the final block that we need to consider. The 
H 1 cohomology block is 



r 



1 



I 



©16 



H 1 (V g) v, v ) 

1 



-I— H 



I 

P33 



RG m 

\ 



A^H 1 (V 2 ® y v ) - H 1 (V <8> 1/ v ) - H 1 (Vi. ® V v ) if 2 (y 2 ® y v ) 



0^ 



P33 



L 



/^(y^yv) — 



P33 



RG^ 



J 1 



T 

# 2 (y ® y v ) 
I 



?6) 



where we have inserted the "corner" cohomologies A, B, C and -D as well as the H° 
results derived above. We immediately note that H l (X, V± ® y v ) lies in the right hand 
vertical sequence 



— > — > if 1 \X, V l ® y v J — ► i?G 9 
It then follows from eq. (71) that 

H 1 (x,V l ®vA =RG m . 



0. 



57) 
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Similarly, one determines that 
H 1 (x,V®V? 



RG 



ei6 



rank(<i2 



RG' 



4. 



59) 



We now proceed to evaluate the remaining elements in the H 1 block. To do this, it 
is essential that one knows the ranks of several coboundary maps in the intertwined 
sequences. These are hard to determine for the complete cohomology spaces. The 
problem simplifies, however, if we restrict the complex of sequences to the Z3 x Z3 
invariant subspace of each cohomology space. Then, using the fact that 



RG z 3 xz 3 



„Z 3 xZ 3 
P33 



(90) 



which follow from eqns. (57) and (68) respectively, the H 1 block and its nearby coho- 
mologies simplify to 




(91) 



Note that we have indicated two new coboundary maps Si and S± in eq. (91), as well as 
the maps d\, d 2 , and d 3 introduced previously. 

For the invariant cohomology subspaces, one can show 



<$i = 



(92) 



using the cup product in the Leray spectral sequence. We postpone the details to 
Appendix A. It is exactly at this point that we found it expedient to restrict to the 
invariant part of the co homologies. Noting that S^ is the Serre dual of Si, it follows that 



(93) 
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as well. To compute the H 1 cohomologies, we must first know H 2 (X, V 2 <8> V V ) Z3XA 
This lies in the vertical sequence 

Z3XZ3 



3^4 — > H 2 [X,V 2 ®V y 
Using eq. (92), we immediately obtain 

H 2 [x,V 2 ® 
Serre duality then implies that 



Z 3 xZ 3 



. (94) 



(95) 



/ \Z3xZ3 

H l (X,V® V 2 V ) =7 (96) 

as well. Note that this is consistent with the lower horizontal sequence in the H 1 block 
and eq. (93). 

Let us now consider the left hand vertical long exact sequence in the H 1 block, which 
reads in part 



1 Jl+iq — , h 1 ( X, V 2 ® V 



z 3 xz 3 



3^4. 



(97) 

Using eq. (92), the fact, previously established, that rank(di) = 1 and eq. (71), we find 
that 

,/~ „ \Z3xZ3 
H 1 \X,V 2 ®V V ) =18. (98) 

Serre duality then implies 

, \Z3xZ3 

H 2 \X,V ®U 2 V J =18. (99) 

Putting this information back into the complex of sequences, we arrive, finally, at 



da 



- r 16 



d-t 



12 



18 ^H\V® U V ) Z3X5 

I \ 

3 ^7 



&2 



I I 
^3 



£J 



(100) 



Note that we have introduced yet more coboundary maps: d^, 5 2 , and 5 2 (the Serre dual 
of S 2 ). 
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5 The Moduli 



One can now solve for the tangent space to the moduli space, V (g> y v ) Z;)XZ3 , of 

the observable sector. Of course, the complex dimension of the tangent space equals 
the number of moduli. To do this, consider the middle horizontal sequence in eq. (100) 
given by 

— >1 — >4^18 — > H X {X,V® V y \ — >4^7. (101) 

One must now determine the rank of the coboundary maps c? 4 and 8% ■ Since we are 
restricted to the invariant cohomology subspaces, one can apply methods identical to 
those used in Appendix A to prove eq. (92). Again, one finds that 

<5 2 v = 0. (102) 

The rank of c? 4 can be determined by the exactness of the sequence eq. (101). The 
beginning of this sequence is 

0ii,i^ 4 Al8, (103) 

where we named the first two maps and 02- Exactness implies that im(0i) = ker(0 2 ) 
and, hence, that ker(0 2 ) = 0. It follows that 02 is injective and that im(0 2 ) = ker(c?4) = 
1. Therefore, rank(di) is the difference 4 — 1=3. That is, 

rank(d 4 )=3. (104) 

Then, using eqns. (102), (104), and (71), the exact sequence eq. (101) tells us that the 
number of moduli of the observable sector vector bundle V — V / (Z 3 x Z 3 ) is 

/ A Z 3 xZ 3 

^observable = h} [X , V ® V V j =19. (105) 

6 The Hidden Sector Moduli 

In the previous section, we computed the number of vector bundle moduli in the ob- 
servable E 8 gauge sector. However, there is also the E' 8 hidden sector (in the following, 
the prime will always denote hidden sector quantities), which potentially contributes 
moduli fields to the low energy effective action. These moduli interact only gravitation- 
ally with the fields of the standard model and, therefore, are not immediately relevant. 
Nevertheless, we would like to compute the hidden sector moduli in this section. The 
reason is twofold. First, the stability and dynamics of the hidden sector vector bundles 
is important for the discussion of supersymmetry breaking via E' 8 fermion condensation 
and, potentially, for cosmology. The second reason is that the computation uses exactly 
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the same formalism as for the observable sector bundles. It serves, therefore, as another, 
simpler, example of our method. For specificity, we will consider the hidden sector of 
the strongly coupled heterotic string only. Our formalism is easily applied to the weak 
coupling case as well. 

Recall that in [22], for the case of strong string coupling, we chose the E' 8 hidden 
sector gauge bundle to be an SU(2) instanton V over the Calabi-Yau threefold X. As 
usual, we work with the Z 3 x Z 3 -equivariant bundle V on the universal covering space 
X. The bundle V was explicitly defined by the extension 

— > Vi — >V' — > V( — ► , (106) 

where V{ and Vi are the line bundles 

Vi = Ox(2n + r 2 - 0) , Vi = (V 2 ') V = O r {-2t x - r 2 + 0) . (107) 

Analogous to eq. (25), we find that V (8> V' y lives in a 3 x 3 square of short exact 
sequences 



^Oi(4n_+ 2r 2 ~-~20)] r V> (g) V» 

T ^_ I I 
Vi (8) V' v V ® V' y V[ ® V' v • (108) 

{O^ ^ y> ® vi v ^P/(-_^}/_ 2 y+f<t ?T 

III 


We already computed the "corner cohomologies" in [22]. Here, we simply quote the 
result that 

/ ~ \ / ~ \ { RG m v—l 

^(X,^(4r 1 +2r 2 -20) ) = H 3 ~ p (X, 0^-4^-2^+2^) ) = { y (109) 

V ' V 7 I p 7^ 1 . 
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Therefore, the H° cohomology block reads 







r 




()■ 

I 





H°(V®V{ V ) 



~\ d' 2 
— i — 



I 

RG 9 
J 



O^H°(V^®V' v )^H (V'®V' v )^H°(V(®V' v ) ^H l {Vi®V' w ) 

i { I I 1 I 
— " 1 H°(V ® V' w ) 1 

__j _L T __J | 

i?G© 6 if 1 (y ® y/ v ) o o 

I I I I 



L 



(110) 



and, using exactly the same reasoning as in Subsection 4.1, we find that d[ and d' 2 are 
injective. Exactness of the sequence then implies that 



H° (X, V ® VlA = H° (x, Vi ® V' v ^j = , 
H° (X, V{ ® V /v ) = H° (X, V' ® V 2 /V ) = H° (X, V'®V 
We proceed to the H 1 cohomology block, which now becomes 



1 . 



(Ill) 



0^ r 



0^0 

o4 







i 1 d' 



d 

RG 



i i 
i i 



I 



H l {V 



® V{ v ) 



i i 
i i 



H 1 {Vi®V ISJ ) — ^(V 



H l {V 



\ 



I 



"i 



V' v ) ^H l (V{® V' v ) 



j 



, (H2) 



Since we already determined that d[ and d' 2 inject, and therefore 



+6 



coker(<i / 1 ) = coker^f,) = RG 
we can directly read off that 

H 1 (X, V' ® V? v ) = H 1 (x, VI ® \> ,v ) = RG m - 1 



H 1 [X, V( ® V' v ) = H 1 [X, V ® V, 



(113) 



(114) 
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from the long exact sequences eq. (112). Finally, the middle horizontal long exact 
sequence 

— > — ► 1 1 -^-> RG® 6 - 1 tf^X, 7'® U' v ) — ► — >■■■ (115) 

yields 

i/ 1 (x, V' ® U' v ) = RG® 6 - 1 . (116) 

Hence, the number of vector bundle moduli of V = U'/(Z 3 x Z 3 ) is the invariant part 
of eq. (116). Using eq. (90)), we find that 

n hidden = h 1 (X, V' ® v' v y aXZ3 = 6-1 = 5. (117) 

We conclude that there are 5 vector bundle moduli in the hidden sector of the strongly 
coupled string. 
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Appendix A The Coboundary Map 5\ 

The purpose of this Appendix is to determine the coboundary map 

<$i : H 1 (X, V 2 ® V 2 V ) -> H 2 (X, V 2 ® V?) (118) 
associated with the short exact sequence of equivariant vector bundles (see eq. (24)) 

— >V 2 ®V? — >V 2 ®V V — >V 2 ®V 2 y — >0. (119) 
The choice of extension V 2 ® V y is precisely the choice of an element x of the Ext-space 

/ \Z3xZ3 \Z 3 xZ 3 

x E Ex4 [V 2 ® V 2 V , V 2 ® V y j = H 1 (X, V 2 ® V?) . (120) 

Therefore, x must determine the coboundary map 8\. One finds that it is the cup 
product, that is, the usual wedge product combined with a suitable contraction of vector 
bundle indices, 

/~ \Z3xZ3 /~ \Z 3 xZ 3 

6i:H 1 (X,V 2 ®V?\ -»• H 2 [X, V 2 ® V y j ,v^vAx. (121) 
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Note that the cohomology degree is additive. Since x is a degree 1 cohomology class, 
the image of 5\ is indeed of degree 2. Nevertheless, we claim that the product map 



A : H 1 [ X, V 2 <8> K v 



H 1 [X, V 2 (g> 



z 3 xz 3 



Z3XZ3 



(122) 



— — 

■ u 



3 x 



9 <5i(u)=uAa; 



vanishes because of a refined degree stemming from the elliptic fibration. This can 
be seen as follows. Let us determine the cohomology spaces using the Leray spectral 
sequences eqns. (65) and (67) corresponding to the ir 2 : X — > B 2 fibration. First, note 
that the cohomology always comes from the tt 2 * push-down, and not the R 1 tt 2 * part: 



H X [X,V 2 ®VZ 



P33 



H 1 [X, V 2 ® V? ) = RG 



-16 



H*[X,V 2 ®V?) = RG 



9=1 
q=0 

9=1 
9=0 

9=1 
q=0 






P33 


1 


1 


P33 





p=0 p=l p=2 














RG® 16 


RG® 4 


p=0 p=l p=2 
















RG® 4 


p=0 p=l p=2 



(123) 



where we marked the relevant entry in the corresponding tableau in bold face. Hence, 
the product map, eq. (122), simplifies to 



A : H l [X,n 2 *(V 2 ®V 2 y ) 



2,3 xi 



H l [X,K 2if (V 2 ®V?) 



Z3XZ3 



H 2 [X, k 2 *(V 2 ®V?)\ . (124) 



Z3XZ3 



These cohomology spaces are, in turn, determined by the Leray spectral sequence cor- 
responding to the f3 2 : B 2 —> IP 1 fibration: 



H l (X,7r 2sf (V 2 ®V 1 v )) = RG 



H 2 (x,nto(V2®V?)) = RG 





t=i 







= P33 




1 


(Xi+X?)(l+X2+Xl) 






s=0 




8=1 


= RG® W 


t=i 


.RG® 16 


i?G® 4 




<= t=0 














s=0 


8=1 




= RG m 






RG® 4 




<= t=0 














s=0 


s=l 





(125) 
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where we notice that only the -R 1 /^* push-down contributes to the invariant part of the 
cohomology spaces. Hence, the product map, eq. (124), simplifies once more to 

A : H°(^X, R l f3 2 *it 2 * (V 2 <g> V?) ) ** *** ® H° (x, R l (3 2 ^ (V 2 ® V?) ) ^ ^ -> 

-> ^(x,^ 1 /^*^ ® V^y''^ . (126) 

But this product is now zero for degree reasons: the product of two degree cohomol- 
ogy spaces is again of degree 0, and not 1. Therefore, the product map specified in 
eqns. (126), (124), and (122) is the zero map. That is, 

5i=0, (127) 

as claimed. 
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